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Abstract 
Let n > 1 be an integer and let G be a graph of order p. A set 9 of vertices of G is a total 
n-dominating set of G if every vertex of V(G) is within distance n from some vertex of .P’ 
other than itself. The minimum cardinal@ among all total n-dominating sets of G is called the 
total n-domination number and is denoted by “J:(G). A set S of vertices of G is n-independent if 
the distance (in G) between every pair of distinct vertices of S is at least n + 1. The minimum 
cardinality among all maximal n-independent sets of G is called the n-independence number of G 
and is denoted by in(G)_ In this paper, we present an algorithm for finding a total n-dominating 
set 9 and a maximal n-independent set S in a connected graph with at least p 2 2n + I vertices. 
It is shown that these sets 9 and S satisfy the inequality IS( + nlg\ <p. Using this result, we 
conclude that if G is a connected graph on p>2n + 1 vertices, then i,(G) + n y:(G) < p. 
1. Introduction 
In this paper, we shall use the terminology of [lo]. Specifically, p(G) denotes the 
number of vertices (order) of a graph G with vertex set V(G) and edge set E(G). 
If T is a rooted tree with root r and v is a vertex of T, then the level number of 1:. 
which we denote by f(v), is the length of the unique r - v path in T. The maximum 
of the level numbers of the vertices of T is called the height of T and is denoted by 
h( 7’). If a vertex u of T is adjacent to u and l(u) > r(tl), then u is called a child of 
c. and 1; is the purent of u. A vertex w is a descendunt of u (and z! is an uncestor or 
w) if the level numbers of the vertices on the L’-w path are monotonically increasing. 
We will refer to an end-vertex of T as a leaf. 
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Let n 2 1 be an integer and let G be a graph. A set 9 of vertices of G is defined 
to be an n-dominating set (resp. total n-dominating set) of G if every vertex in 
V(G) - 9 (resp. V(G)) is within distance n from some vertex of 9 other than itself. 
The minimum cardinality among all total n-dominating sets of G is called the total 
n-domination umber of G and is denoted by y;(G). A set I of vertices of G is defined 
to be n-independent in G if every vertex of I is at distance at least n + 1 from every 
other vertex of I in G. Furthermore, I is defined to be an n-independent dominating 
set of G if I is n-independent and n-dominating in G. The n-independent domination 
number i,(G) of G is the minimum cardinality among all n-independent dominating 
sets of G. Hence, l-independent dominating sets of G are independent dominating sets 
of G and ii(G) = i(G). 
Results on the concept of n-domination in graphs have been presented by, among 
others, Basc6 and Tuza [2,3], Beineke and Henning [4], Bondy and Fan [5], Chang [6], 
Chang and Nemhauser [7-91, Fraisse [l 11, Fricke et al. [12,13], Hattingh and Henning 
[14,15], Henning et al. [16-201, Meir and Moon [21], MO and Williams [22], Slater 
[23], Topp and Volkmann [24], and Xin He and Yesha [25]. 
2. Bounds relating i,(G) and ?A( G) 
Allan et al. [l] established the following relationship between the independent dom- 
ination number and total domination number of a graph. 
Theorem A. If G is a connected graph of order p > 3, then i(G) + y,(G) 6 p. 
Henning et al. [18] extended this result for all trees of sufficiently large order. 
Theorem B. For an integer n 22, if T is a tree of order p >2n + 1, then 
i,(T) + n . y;(T) d p. 
In this paper, we show that if G is a connected graph on at least p 3 2n + 1 vertices, 
then i,,(G)+n. y:(G)< p for all integers n 2 1. Note that this result is not an immediate 
consequence of Theorem B. For suppose T is a spanning tree of a connected graph G. 
Then any total n-dominating set of T is also a total n-dominating set of G, so y:(G) I 
y:(T). However, an n-independent set of T is not necessarily an n-independent set 
of G. For each positive integer n, Hedetniemi et al. [12] establish the existence of a 
connected graph G every spanning tree T of which satisfies i,,(T) < i,,(G). 
In what follows, let n be a positive integer. First, we present an algorithm for finding 
a total n-dominating set in a connected graph of order at least 2n + 1. 
Algorithm 1. Given a connected graph G on p >2n + 1 vertices: 
1. Find a rooted spanning tree T of G and let r be the root of T. 
2. If h(T) <n, then let v be a vertex of T different from r. Set 2 = {u, r}, label 
v and r with the label L(v) = L(r) = d (where d indicates that v and r are 
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n-dominated by a vertex of 2 other than itself), and stop. The set Z? is a minimum 
total n-dominating set of G. If h(T) > n, then continue. 
3. Set i = 0, let 7’s = r, es = h(Ts),& = a, and continue. 
4. Select a leaf of r: at level (i and let Ui+l be the ancestor of the leaf at level /I - n. 
Let Fi+l be the subtree of Ti consisting of t’,+l and all its descendants. (Then F,+ l 
is a rooted tree with root u~+~ of height n.) 
5. Let 2, ,+, = Yi u {Q+,}. 
5. I. Assign the label L(u) = d to all vertices of Qi+.l that are n-dominated by some 
other vertex of gi+l in G. 
5.2. i - i + 1 and continue. 
6. If Fi = 7;_1 and L(Q) = d, then go to Step 13. 
If F, = T,_j and lli is unlabeled, then consider 1 V(F;)J. 
6.1. If IV(F’i)I 32n + 1, then let t++l be a child of ui and let Fi+l = Fi. Also, let 
the grand family of Fi be defined by GF, = Fi. GO to Step 15. 
6.2. If 1 V(F, )/ < 2n + 1, then let VI be the vertex that immediately precedes 11, 
on the path t’i-i-rl path (of length n + 1) in T. Then ci n-dominates F, and 
dr( c:, u_l) = n. Go to Step 14. 
Otherwise Fi # Ti-1 and we let Ti = ?“_I - V(F;). Let fi = h(Ti) and continue. 
7. If each vertex of P1 is labeled (with the label d), then let /: = 0. Otherwise, let 
!: be the maximum level among all the unlabeled vertices of g,. Continue. 
8. If ti >n and Ci > Cj, then go to Step 4; otherwise, continue. 
9. If /, > II and ti d !I, then go to Step 11; otherwise. continue. 
10. If [I < II, then go to Step 12. 
Il. Let ut be the first unlabeled vertex of ki (so t is the smallest integer such that 
cI is unlabeled). Then T(v,) = Pi. Let ni+i be that vertex at level t: - n that 
is an ancestor of rI. Let F,+l be the subtree of ri consisting of tli+l and all its 
descendants. Then Fi+l is a rooted tree with root Vi+, of height n - 1 or n. (Note 
that dT(u,, L~,+I ) = n.) 
11.1. If (V(F,+1)I>,n+ 1, then go to Step 5. 
11.2. If IV(F,+,)I = n (so Fj+, is a path), then form the grand family GF, = 
(I’(K) u ~(F,+I 1) T induced by the vertices of Fr and F,+I in T, and return 
to Step 5. 
12. 12.1. If (V(F,)(>,n + 1, then let tii+l be the root of Ti (so ci+l = v) and let 
F,+, = T,. (Since ti < n. we note that d(ci,r;i+l)<n.) Go to Step 15. 
12.2. If I V( Ti)i <n and if there is no unlabeled vertex in F;, then let F,, 1 = T,, 
and go to Step 16. (Note that t!i n-dominates Fi+l. ) 
12.3. If IV(T,)( = n and if there is some unlabeled vertex in &i, then let P;+I 
be the root of Ti (so ui+l = Y) and let Fi+l = r,. Now form the grand 
family GF, = (V(F,) U V(F;+, )) T induced by the vertices of Ft and FI+l in 
T where t is the smallest integer such that lit is unlabeled. (We note that 
d(tl,,Ui+l)<n.) GO to Step 15. 
12.4. If (V(Ti)\ < n and if there is some unlabeled vertex in Yi, then consider 
Iv(T,)I + Iv(Fi)l. 
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12.4.1. If IV(z)/ + IV(Fi)I 22n + 1, then let ni+i be the child of Ui and let 
Fi;:+i = Ti. NOW form the grand family GFi = (V(Fi) U V(Fi+I))T 
induced by the vertices of Fi and Fi+l in T, and go to Step 15. 
12.4.2. If IV(Ti)l + IV(Fi)j < 2n + 1, then set Fi := (V(Tf) U V(Fi))r. 
Further, let vi be the vertex that immediately precedes vi on the 
vi-1 - ai path (of length n + 1) in T. Then V: n-dominates Fi and 
LIT(v:, vi-l) = n. GO to Step 14. 
13. Let 9 = 9i and let F = {Fly F2, ...) Fi}, and go to Step 17. 
14. Let 9: = 9i - {Vi}. Let Vi +- V; and let 9 = 9; U {Vi}. Set F = {Fl, F2, . . . . Fi}, 
and go to Step 17. 
15. Let 9 = 9i U {vi+l} and let F = {F1,F2,...,Fi+l}, and go to Step 17. 
16. Let 9 = 9i and let F = {Fl,FZ y...) Fi+l}, and go to Step 17. (Note that IF/ = 
PI + 1.) 
17. Label each v E 9 that is n-dominated by some other vertex of 9 in G by L(v) = d. 
Let GF be the set of all grand families GFj. Output 9, F and GF, and stop. 
We now verify the validity of the algorithm. 
Theorem 1. Algorithm 1 determines a total n-dominating set 9 of a given connected 
graph on p>2n + 1 vertices. 
Proof. It is evident that 9 is an n-dominating set of G. It remains to show that each 
member v in 9 is n-dominated by some other vertex of 9 in G. It suffices to prove 
that at the completion of the algorithm, L(v) = d for all v E 9. If v E 9 belongs to 
some grand family GFk for some k, then it is evident that v is labeled. We now prove 
three claims. 
Claim 1. In Step 6.2, the root vi of Fi is the only unlabeled vertex in 9i. 
Proof. Since the root ai of Fi is unlabeled, it is evident that Fi = 6-1 was con- 
structed in Step 4, so /(Ti-1) > ei_, (see Step 8). Furthermore, the root vi of Fi is in 
fact the root r of T, so f(c_1) = n and f’(vi)>n + 1 for every j < i (for 
otherwise, d(vi, vj)<n). Hence, if 9i_i contains an unlabeled vertex, then Pi_, 3 
n + 1 > t( T,_i ), which produces a contradiction. Thus, each vertex of $9-1 is labeled 
(so c;_t = 0). 0 
Claim 2. In Step 12.4, the root vi of Fi is the only unlabeled vertex of 9i. 
Proof. Suppose nj is unlabeled where j < i. Then it is evident that every internal 
vertex of the nj-vi path belongs to 7;:. Since IV(q)1 < n, this path has length at most 
lV(Ti)I + 1 < n + 1, SO d(vi,vj)<n. This contradicts the fact that Uj is unlabeled. 
Hence, vj is labeled for each j < i, so vi is the only unlabeled vertex of 9i. 0 
Claim 3. In Step 12.4.2, the vi-l-v, path in T does not contain r, where vi is the 
root Of Fi. 
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Proof. By Claim 2, tl, is the only unlabeled vertex of 9;. Since ui is unlabeled, it is 
evident that F, was constructed in Step 4, so 1 V(Fj)I 3n + 1. We show that for each 
j < i, the U-Q path in T does not contain Y. If this is not the case, then let j be 
the largest integer for which the Uj-“i path contains r. Then every internal vertex of 
the r.,-Ui path belongs to Ti, so d(q, Uj) <n, contradicting the fact that ci is unlabeled. 
Hence, for each j < i, the uj-ui path in T does not contain r. In particular, the u,_ l--2‘, 
path in T does not contain Y. q 
In the view of Claims 1 - 3, it is easily seen that each vertex 11 of 9 is labeled at 
the completion of the algorithm. Hence, 9 is a total n-dominating set of G. 0 
Theorem 2. If G is a connected graph on p>2n + 1 vertices, then 
i,(G) + nyL(G)bp. 
Proof. Apply Algorithm 1 to the graph G. If h( T ) < n, then 9 = { 11, Y} is a minimum 
total n-dominating set of G and S = {r} is a minimum n-independent dominating set 
of G, so p = (V(G)Ib2n+ 1 = nl9l + IS\ = i,(G)+nyt,(G). Hence, we may assume 
that h(T) > n, for otherwise there is nothing left to prove. 
Let 9 = {q,~‘~,.. . ,v,} be the set 9 described by the algorithm where I’,,, is the 
last vertex chosen by the algorithm. Then, by Theorem 1, B is a total n-dominating 
set of G, so y’,(G) f (91. Let GF be the set of all grand families GFk described 
by the algorithm, and let S’ = {uk E -91~ E GFk for some k}. Note, S’ con- 
tains exactly one vertex from each grand family. It is easily seen that S’ is an n- 
independent set in G. Let S be any maximal n-independent set in G that contains S’. 
so i,(G)< IS(. For j = 1,2,. . , , IFI, let b, = ,!&(F,), where the n-independent number 
j&(Fj) of F, is the maximum cardinality among the n-independent sets of vertices of Fj 
in G. 
For each GFk E GF, we have S n V( GFk) = {vx_} since S’ & S. Thus, any grand 
family GFk in GF contains two members of Y and one member of S. Hence, since 
each grand family GFk has at least 2n + 1 vertices, it follows that 
jV(GFI,)j32n + 1 = 19 n V(GFn-)I iz + IS n V(GFk)J. 
If (Fl = 191 + 1, then 1% n V(F m+~ )I = 0 and IS n V(F,+I )I < IV(F,+I )I, SO 
I ~(F,+I )I 3 13 n vV’m+lY . n + (S f’ V(F,+,)(. If lF( = 191, and if F, t F is not 
labeled, then IY n V(Fj)/ = {Uj} and IS n V(Fi)( <bj. Furthermore, since F, is not 
labeled, Fi was constructed in Steps 4, 6.2, 11.1, 12.1 or 12.4.2. In all cases, however, 
I V(F,)( an + 1 and any n-independent set of Fj is of cardinality at most IV(F, )/ - n. 
Hence, if (Fl = IP(, and Fj E F is not labeled, then 
lV(F,)l 3 n + Pj(Fj) 
= 19 n V(Fj)I n + PJI(F~) 
3 (CZ n V(Fj)J . n + (S n V(Fj)( 
90 
Hence, 
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P= IV(G)1 = C lv(G~~)I + C Iv(Fj)I 
GFk E GF F, unlabeled 
> c [I9 n VGFk)I ’ n + IS n WFk)I] 
GF, EGF 
+ C [I” n v(Fj)/ . n + 1s n V(Fj)I] 
F, unlabeled 
= 191 . n + JSI an . y;(G) + i,(G), 
SO 
i,(G)+wy;(G)<p. 0 
That the bound in Theorem 2 is best possible may be seen by considering the 
graph G obtained from a star K( 1, k), k 3 1, by subdividing each edge 2n times. Then 
p(G) = (2n-t l)k+ l,yL(G) = 2k and i,(G) = kt 1, so that z’,(G)+n.yL(G) = p(G). 
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